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Abstract
In this note, we present an alternative proof of the power convergence of the symmetrization procedure
on the weighted geometric mean due to Lawson and Lim in [J. Lawson, Y. Lim, A general framework
for extending means to higher orders, preprint] by using a limiting process due to Ando-Li-Mathias in [T.
Ando, C.-K. Li, R. Mathias, Geometric means, Linear Algebra Appl. 385 (2004) 305–334]. As applications,
we obtain a reverse of the weighted arithmetic–geometric mean inequality of n-operators via Kantorovich
constant: For any positive integer n  2, let A1, A2, . . . , An be positive invertible operators on a Hilbert
space H such that 0 < m  Ai  M for some scalars 0 < m < M . Then
A[n, t](A1, . . . , An)  (M + m)
2
4Mm
G[n, t](A1, . . . , An) for all 0 < t < 1
where A[n, t](resp. G[n, t]) is the weighted arithmetic mean (resp. geometric mean). Moreover, we show
an n-operators version of the Specht theorem.
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1. Introduction
In [1], Ando, Li and Mathias proposed a definition for the geometric mean of three or more
positive semi-definite matrices and showed that it has many requared properties on the geometric
mean. In [15], Yamazaki pointed out that the definition of the geometric mean by Ando, Li and
Mathias can be extended to Hilbert space operators. For positive invertible operators A and B on
a Hilbert space H , the geometric mean AB of A and B is defined by
AB = A 12
(
A−
1
2 BA−
1
2
) 1
2
A
1
2 .
As an extension of AB, the geometric mean G(A1, A2, . . . , An) of any n-tuple of positive
invertible operators A1, A2, . . . , An on a Hilbert space H is defined by induction as follows:
(i) G(A1, A2) = AB.
(ii) Assume that the geometric mean of any (n − 1)-tuple of operators is defined. Let
G((Aj )j /=i ) = G(A1, . . . , Ai−1, Ai+1, . . . , An)
and let sequences {A(r)i }∞r=1 be A(1)i = Ai and A(r+1)i = G((A(r)j )j /=i ). Then there exists
limr→∞ A(r)i uniformly and it does not depend on i. Hence the geometric mean of n-
operators is defined by
lim
r→∞A
(r)
i = G(A1, A2, . . . , An) for i = 1, . . . , n.
For n = 2, we showed a reverse inequality of the arithmetic–geometric mean one in [6]:
A1 + A2
2
 M + m
2
√
Mm
G(A1, A2) = M + m
2
√
Mm
A1A2
for all positive operators A1, A2 such that 0 < m  A1, A2  M for some scalars M > m > 0.
In [15], Yamazaki showed a reverse of the arithmetic–geometric mean inequality of n-operators:
Theorem A. For any positive integer n  2, let A1, . . . , An be positive invertible operators such
that 0 < m  Ai  M for i = 1, 2, . . . , n for some scalars 0 < m < M. Then
A1 + · · · + An
n

(
(M + m)2
4Mm
) n−12
G(A1, . . . , An).
The Kantorovich inequality says that (Ax, x)(A−1x, x)  (M+m)24Mm for every unit vectorx ∈ H .
The constant (M+m)
2
4Mm is called Kantorovich constant. In [4], we showed a noncommutative variant
of the Greub–Rheinboldt inequality [8] as an extension of the Kantorovich one: Let A and B be
positive operators satisfying 0 < m  A,B  M . Then√
(Ax, x)(Bx, x)  M + m
2
√
Mm
(ABx, x) (1)
for all x ∈ H .
By using Theorem A, Yamazaki extended to an n-operators version of (1) as follows:
Theorem B. For any positive integer n  2, let A1, . . . , An be positive invertible operators on a
Hilbert space H such that 0 < m  Ai  M for i = 1, 2, . . . , n for some scalars 0 < m < M.
Then
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n
√
(A1x, x)(A2x, x) . . . (Anx, x) 
(
(M + m)2
4Mm
) n−12
(G(A1, . . . , An)x, x)
for all x ∈ H.
On the other hand, Specht [13] estimated the upper bound of the arithmetic mean by the
geometric one for positive numbers: For x1, . . . , xn ∈ [m,M] with M  m > 0,
x1 + · · · + xn
n
 S(h) n√x1 . . . xn, (2)
where h = M
m
(1) and the Specht ratio S(h) is defined by
S(h) = (h − 1)h
1
h−1
e log h
(h /= 1) and S(1) = 1, (3)
also see [7]. In [14], Tominaga showed the following noncommutative version of the Specht
theorem (2): For positive invertible operators A1 and A2 such that 0 < m  A1, A2  M
(1 − t)A1 + tA2  S(h) A1t A2 for all t ∈ [0, 1],
where h = M
m
and A1tA2 = A
1
2
1
(
A
− 12
1 A2A
− 12
1
)t
A
1
2
1 is the weighted geometric mean of A1 and
A2.
Very recently, Lawson and Lim [10] give a general framework for the mean extension problem
via convex metrics and they also study on weighted matrix means of higher-orders in [11] and
observe that weighted geometric mean of n-operators can be inductively defined, by using a
contractive mean operation of the weighted geometric mean of two positive operators in the
context of Lawson–Lim.
In this note, we present an alternative proof of the power convergence of the symmetrization
procedure on weighted geometric mean. As applications, we show an improvement of Theorem A
and consequently we obtain a reverse of the weighted arithmetic–geometric mean inequality of n-
operators in terms of Kantorovich constant via the weighted geometric mean due to Lawson–Lim.
Moreover, we show an n-operators version of the Specht theorem.
2. Weighted geometric mean
In this section, we present the construction of the weighted geometric mean of n-operators,
which extends to the geometric mean G(A1, . . . , An) of n-operators due to Ando-Li-Mathias:
For two positive invertible operators A and B, the weighted (power) arithmetic, geometric and
harmonic means for t ∈ [0, 1] are defined as follows:
The weighted arithmetic mean A ∇t B = (1 − t)A + tB.
The weighted geometric mean A t B = A 12
(
A− 12 BA− 12
)t
A
1
2 .
The weighted harmonic mean A !t B = ((1 − t)A−1 + tB−1)−1.
We need some preparations to define their weighted means of n-operators.
We use a limiting process to define weighted means of n-operators. In proving convergence
we use the following Thompson metric on the convex cone  of positive invertible operators:
d(A,B) = max{log M(A/B), log M(B/A)}, (4)
where M(A/B) = inf{λ > 0 : A  λB}, also see [12,2,3]. We remark that is a complete metric
space with respect to this metric and the corresponding metric topology on  agrees with the
relative norm topology.
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We present the definition of the weighted geometric mean G[n, t] with t ∈ [0, 1] for an n-
tuple of positive invertible operatorsA1, A2, . . . , An. LetG[2, t](A1, A2) = A1 t A2. Forn  3,
G[n, t] is defined inductively as follows: Put A(1)i = Ai for all i = 1, . . . , n and
A
(r)
i = G[n − 1, t]((A(r−1)j )j /=i ) = G[n − 1, t](A(r−1)1 , . . . , A(r−1)i−1 , A(r−1)i+1 , . . . , A(r−1)n )
inductively for r . If sequences {A(r)i } have the same limit limr→∞ A(r)i for all i = 1, . . . , n in the
Thompson metric, then we define
G[n, t](A1, . . . , An) = lim
r→∞A
(r)
i .
To show that sequences {A(r)i } converge, we investigate the construction of the weighted
arithmetic mean due to Lawson and Lim: Let A[2, t](A1, A2) = (1 − t)A1 + tA2. For n  3,
A[n, t] is defined inductively as follows: Put A˜(1)i = Ai for all i = 1, . . . , n and
A˜
(r)
i
= A[n − 1, t]
(( ˜
A
(r−1)
j
)
j /=i
)
= A[n − 1, t]
( ˜
A
(r−1)
1 , . . . ,
˜
A
(r−1)
i−1 ,
˜
A
(r−1)
i+1 , . . . ,
˜
A
(r−1)
n
)
inductively for r . Then we see that sequences
{
A˜
(r)
i
}
have the same limit limr→∞ A˜(r)i for all
i = 1, . . . , n because it is just the problem on weights. If we put
A[n, t](A1, . . . , An) = lim
r→∞ A˜
(r)
i ,
then it is expressed by
A[n, t](A1, . . . , An) = t[n]1A1 + · · · + t[n]nAn, (5)
where t[n]i  0 for i = 1, . . . , n and ∑ni=1 t[n]i = 1. Similarly, we can define the weighted
harmonic mean H [n, t](A1, . . . , An) as
H [n, t](A1, . . . , An) = (t[n]1A−11 + · · · + t[n]nA−1n )−1.
We remark that the coefficient {t[n]i} depends on n only. For example, in the case of n = 2, 3, it
follows from [10] that
A[2, t](A1, A2) = (1 − t)A1 + tA2,
t[2]1 = 1 − t and t[2]2 = t,
A[3, t](A1, A2, A3) = 1 − t2 − t A1 +
1 − t + t2
2 + t − t2 A2 +
t
1 + t A3,
t[3]1 = 1 − t2 − t , t[3]2 =
1 − t + t2
(2 − t)(1 + t) and t[3]3 =
t
1 + t .
For the sake of convenience, we show the general term of the coefficient {t[n]i}:
Lemma 1. For any positive integer n  2
t[n]n−m = m(m + 1) + 2m(n − 2m − 2)t + (n
2 − (4m + 1)n + 4m(m + 1))t2
(n − 1)(m + (n − 2m)t)(m + 1 + (n − 2(m + 1))t) (6)
for m = 0, 1, . . . , n − 1.
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Proof. We prove this lemma by induction on both n and m. First of all, we show
t[n]n = t1 + (n − 2)t (7)
for any integer n  2. Suppose that the expression (7) holds for n and put ω = t[n]n ∈ (0, 1).
Noticing that t[n + 1]n+1 = A[n + 1, t](0, . . . , 0, I ), we consider the case A1 = · · · = An = 0
and An+1 = I . In this case, for i = 1, . . . , n, all A˜(r)i are equal and hence we can write arI = A˜(r)i ,
and also put brI = A˜(r)n+1. Then simple observation shows
a1 = 0, b1 = 1, ar+1 = (1 − ω)ar + ωbr and br+1 = ar ,
and hence we have
a1 = 0 and ar−1 − ar = −ω(ar − ar−1).
It follows that
ar+1 = a1 −
r∑
k=1
(−ω)k = ω1 − (−ω)
r
1 + ω −→
t[n]n
1 + t[n]n =
t
1 + (n − 1)t
as r −→ ∞. It follows from t[n + 1]n+1 = limr→∞ ar that (7) holds for any integer n ≥ 2 by
induction.
Replacing t by 1 − t in (7), we have
t[n]1 = 1 − t
(n − 1) − (n − 2)t . (8)
By a similar consideration, we have the following recurrence formula:
t[n + 1]k = 1 −
∑
j<k t[n]j
1 + t[n]k−1 −
∑
j>k−1 t[n]j
1 + t[n]k (9)
for k = 2, . . . , n.
Now, we show (6) by induction. Since t[2]2 = t , it follows that (6) holds for n = 2. Inductively,
let n  2 be an integer such that (6) holds. Then it follows from (7) and induction that∑
j>n−m−1
t[n]j = (m + 1)(m + (n − 2m − 1)t)
(n − 1)(m + 1 + (n − 2m − 2)t) (10)
for all m such that m < n. If m = n, then it follows from (8) that t[n + 1]1 = 1−tn+(1−n)t . If m < n,
then it follows from (7) and (9) that
t[n + 1]n−m = m(m + 1) + 2m(n − 2m − 1)t + (n
2 − (4m − 1)n + 4m2)t2
n(m + (n + 1 − 2m)t)(m + 1 + (n − 2m − 1)t) .
In the case of n + 1, it follows that (6) holds for all m < n + 1. Therefore, (6) holds for all
n  2 by induction. 
To confirm that the above weighted geometric mean can be always defined, we observe prop-
erties of the weighted geometric mean.
Lemma 2. For any positive integer n  2, let A1, . . . , An and B1, . . . , Bn be positive invertible
operators. Assume that G[n, t] is defined for n  n0 for some n0. Then
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d(G[n, t](A1, . . . , An),G[n, t](B1, . . . , Bn))  A[n, t](d(A1, B1), . . . , d(An, Bn)) (11)
holds for n  n0.
Proof. It follows from [3,2] that the inequality (11) holds for n = 2:
d(A1tA2, B1tB2)  (1 − t)d(A1, B1) + td(A2, B2) for all t ∈ [0, 1].
Assume (11) holds for n = N < n0. For (N + 1)-tuples (A1, . . . , AN+1) and (B1, . . . , BN+1),
it follows by induction that
d(A
(r+1)
J , B
(r+1)
J ) = d(G[N, t]((A(r)j )j /=J ),G[N, t]((B(r)j )j /=J ))
 A[N, t]((d(A(r)j , B(r)j )j /=J )).
Note that this process is parallel to that of the definition for the weighted arithmetic mean: For a
fixed J , put weights w(r)j inductively with
˜
A
(r+1)
J =A[N, t]((A˜(r)j )j /=J ) =
N+1∑
j=1
w
(1)
j A˜
(r)
j
=
N+1∑
j=1
w
(2)
j
˜
A
(r−1)
j = · · · =
N+1∑
j=1
w
(r)
j Aj .
Then we have
˜
A
(r+1)
J ∇t ˜B(r+1)J =
⎛⎝N+1∑
j=1
w
(r)
j Aj
⎞⎠∇t
⎛⎝N+1∑
j=1
w
(r)
j Bj
⎞⎠
=
N+1∑
j=1
w
(r)
j (Aj∇tBj ).
The left hand in the above equation converges to
A[N + 1, t](A1∇tB1, . . . , AN+1∇tBN+1) =
N+1∑
k=1
t[N + 1]kAk∇tBk
as r → ∞, which implies
w
(r)
k −→ t[N + 1]k.
Then the same weights appear in the successive relations for d(A(r+1)J , B
(r+1)
J ) as that for˜
A
(r+1)
J ∇t ˜B(r+1)J :
d(A
(r+1)
J , B
(r+1)
J )  A[N, t]((d(A(r)k , B(r)k ))k /=J ) =
N+1∑
k=1
w
(1)
k d(A
(r)
k , B
(r)
k )

N+1∑
k=1
w
(2)
k d(A
(r−1)
k , B
(r−1)
k )  · · · 
N+1∑
k=1
w
(r)
k d(Ak, Bk),
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so that, taking limit as r → ∞, we have
d(G[N + 1, t](A1, . . . , AN+1),G[N + 1, t](B1, . . . , BN+1))

N+1∑
k=1
t[N + 1]kd(Ak, Bk) = A[N + 1, t](d(A1, B1), . . . , d(AN+1, BN+1)).
Thus (11) holds for all n  n0. 
Remark 3. If t = 12 , then we have t[n]i = 1n for i = 1, . . . , n and hence Lemma 2 is a general-
ization of (3.6) in Theorem 3.2 due to Ando-Li-Mathias [1].
Now we confirm that G[n, t](A1, . . . , An) is defined for all n:
Theorem 4. For any positive integer n  2 and 0 < t < 1, the weighted geometric mean G[n, t]
can be defined for all n-tuples of positive invertible operators and
d(G[n, t](A1, . . . , An),G[n, t](B1, . . . , Bn))  A[n, t](d(A1, B1), . . . , d(An, Bn))
holds.
Proof. For n = 2, G[2, t](A1, A2) = A1#tA2 is defined. Assume that G[n, t] is defined for
n  N . Take (N + 1)-tuples (A1, . . . , AN+1) and (B1, . . . , BN+1) of positive invertible oper-
ators. By Lemma 2, we have
d(G[n, t](Ai(1), . . . , Ai(n)),G[n, t](Bi(1), . . . , Bi(n)))
 A[n, t](d(Ai(1), Bi(1)), . . . , d(Ai(n), Bi(n)))
for all n  N . Take the sequence {A(r)i } for (A1, . . . , AN+1) to define G[N + 1, t]. To show the
existence of the weighted geometric mean, we have only to show that {A(r)J }∞r=1 for a fixed J is a
Cauchy sequence in the Thompson metric d . Then the above inequality shows
d(A
(r+1)
J , A
(r)
J ) = d(G[N, t]((A(r)j )j /=J ),G[N, t]((A(r)J )))
 A[N, t]((d(A(r)j , A(r)J ))j /=J )
= A[N, t]((d(G[N, t]((A(r−1)i )i /=j ),G[N, t]((A(r−1)i )i /=J )))
= A[N, t]((d(G[N, t]((A(r−1)j (i) )),G[N, t]((A(r−1)J (i) )))
 A[N, t](A[N, t](d(A(r−1)j (i) , A(r−1)J (i) )).
Since d is a metric, d(A(r−1)j (i) , A
(r−1)
J (i) ) = 0 when j (i) = J (i). Moreover a direct computation
shows the above last form can be expressed by only the terms d(A(r−1)k , A
(r−1)
k+1 )(k = 1, . . . , N):
There exist positive numbers vk which do not depend on r with
d(A
(r+1)
J , A
(r)
J ) 
N∑
k=1
vkd(A
(r−1)
k , A
(r−1)
k+1 ).
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Since Lemma 2 implies
d(A
(r)
k , A
(r)
k+1) = d(G[N, t](A(r−1)1 , . . . , A(r−1)k−1 , A(r−1)k+1 , A(r−1)k+2 , . . . , A(r−1)N+1 ),
G[N, t](A(r−1)1 , . . . , A(r−1)k−1 , A(r−1)k , A(r−1)k+2 , . . . , A(r−1)N+1 ))
 t[N ]kd(A(r−1)k , A(r−1)k+1 )  · · ·  t[N ]r−1k d(Ak,Ak+1),
we have
d(A
(r+1)
J , A
(r)
J ) 
N∑
k=1
vkd(A
(r−1)
k , A
(r−1)
k+1 ) 
N∑
k=1
vkt[N ]r−1k d(Ak,Ak+1).
Putting ρ = max{1 − t, t} and M = maxk d(Ak,Ak+1), we have t[N ]k  ρ and
d(A
(r+1)
J , A
(r)
J ) 
(
N∑
k=1
vk
)
Mρr−1.
Therefore, for s > r ,
d(A
(s)
J , A
(r)
J ) 
s−r∑
j=1
d(A
(s−j+1)
J , A
(s−j)
J ) 
(
N∑
k=1
vk
)
s−r∑
j=1
Mρs−j−1
=
(
N∑
k=1
vk
)
M
ρr−1(1 − ρs−r )
1 − ρ 
(
N∑
k=1
vk
)
M
ρr−1
1 − ρ −→ 0
as r → ∞, which means the sequence {A(r)J } for J = 1, . . . , N + 1 is Cauchy. Finally, we show
{A(r)J } for J = 1, . . . , N + 1 have the same limit. It is enough to show that limr→∞ A(r)1 =
limr→∞ A(r)2 . Let limr→∞ A
(r)
1 = B1 and limr→∞ A(r)2 = B2. Then
d(B1, B2)  d(B1, A(r)1 ) + d(A(r)1 , A(r)2 ) + d(A(r)2 , B2)
and
0  d(A(r)1 , A
(r)
2 )  t[N ]r−11 d(A1, A2) → 0
as r → ∞. We conclude that B1 = B2. Hence {A(r)J } for J = 1, . . . , N + 1 have the same limit.
Thus G[n, t] is defined and the required inequality holds by Lemma 2. 
Remark 5. The 12 -weighted geometric mean G[n, 12 ](A1, . . . , An) coincides with the geometric
one G(A1, . . . , An) due to Ando-Li-Mathias.
We sum up some properties of the weighted geometric mean:
Theorem 6. Let 0 < t < 1 and any positive integer n  2.
(P1) Consistency with scalars. If A1, . . . , An mutually commute, then
G[n, t](A1, . . . , An) =
n∏
i=1
A
t[n]i
i ,
where {t[n]i} is defined by (5) and (6).
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(P2) Joint homogeneity. For αi > 0
G[n, t](α1A1, . . . , αnAn)=G[n, t](α1, . . . , αn)G[n, t](A1, . . . , An)
=
n∏
i=1
α
t[n]i
i G[n, t](A1, . . . , An),
where {t[n]i} is defined by (5) and (6).
(P3) Monotonicity.The map (A1, . . . , An) 	→ G[n, t](A1, . . . , An) is monotone, i.e., ifAi  Bi
for i = 1, . . . , n, then
G[n, t](A1, . . . , An)  G[n, t](B1, . . . , Bn).
(P4) Congruence invariance. For every invertible operator T
G[n, t](T ∗A1T , . . . , T ∗AnT ) = T ∗G[n, t](A1, . . . , An)T .
(P5) Joint concavity. The map (A1, . . . , An) 	→ G[n, t](A1, . . . , An) is jointly concave:
G[n, t]
(
n∑
i=1
λiA1i , . . . ,
n∑
i=1
λiAni
)

n∑
i=1
λiG[n, t](A1i , . . . , Ani),
where λi  0 with
∑n
i=1 λi = 1.
(P6) Self-duality.
G[n, t](A1, . . . , An) = G[n, t](A−11 , . . . , A−1n )−1.
(P7) The arithmetic–geometric–harmonic mean inequality holds:
H [n, t](A1, . . . , An)  G[n, t](A1, . . . , An)  A[n, t](A1, . . . , An). (AGH)
Proof. The properties (P1)–(P7) can be easily proved by induction and the fact that they are
known to be true for n = 2. To illustrate that we prove (P7). We know that the result is true for
n = 2. Now let us assume it is true for n and prove it for n + 1.
A
(r+1)
i = G[n, t]((A(r)j )j /=i )  A[n, t]((A(r)j )j /=i )
A[n, t]((A˜(r)j )j /=i ) = ˜A(r+1)i
for i = 1, . . . , n + 1. Therefore, as r → ∞, we have G[n + 1, t](A1, . . . , An+1) 
A[n + 1, t](A1, . . . , An+1). By (P6), we have the left-hand side of (P7). 
3. Kantorovich type inequality
First of all, we show a reverse of the weighted arithmetic–geometric mean inequality of n-
operators:
Theorem 7. For any positive integern  2, letA1, A2, . . . , An be positive invertible operators on
a Hilbert space H such that 0 < m  Ai  M for i = 1, 2, . . . , n and some scalars 0 < m < M.
Then
A[n, t](A1, . . . , An)  (M + m)
2
4Mm
G[n, t](A1, . . . , An)
for 0 < t < 1.
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Remark 8. In the case of t = 12 , we have
A1 + · · · + An
n
 (M + m)
2
4Mm
G(A1, . . . , An). (12)
For n = 3, the constant in (12) coinsides with one in Theorem A. For n  4, it is less than one in
Theorem A.
To prove this theorem, we need the following lemma [7, Theorem 32]:
Lemma 9. Let  be a positive linear map on the algebra B(H) of all bounded linear operators
on a Hilbert space H such that (I ) = I. Then
(A)  (M + m)
2
4Mm
(A−1)−1
for all positive operators A such that 0 < m  A  M for some scalars M > m > 0.
Proof of Theorem 7. Let a map  : B(H) ⊕ · · · ⊕ B(H) 	→ B(H) ⊕ · · · ⊕ B(H) be defined
by

⎛⎜⎝A1 0. .
.
0 An
⎞⎟⎠ =
⎛⎜⎝t[n]1A1 + · · · + t[n]nAn 0. .
.
0 t[n]1A1 + · · · + t[n]nAn
⎞⎟⎠ ,
where {t[n]i} is defined by (5). Then  is a positive linear map such that (I ) = I . Since
m
⎛⎜⎝I 0. .
.
0 I
⎞⎟⎠ 
⎛⎜⎝A1 0. .
.
0 An
⎞⎟⎠  M
⎛⎜⎝I 0. .
.
0 I
⎞⎟⎠ ,
it follows from Lemma 9 that

⎛⎜⎝A1 0. .
.
0 An
⎞⎟⎠  (M + m)24Mm 
⎛⎜⎝A
−1
1 0
.
.
.
0 A−1n
⎞⎟⎠
−1
and hence
A[n, t](A1, . . . , An)  (M + m)
2
4Mm
H [n, t](A1, . . . , An).
By (P7) in Theorem 6 we have the desired inequality
A[n, t](A1, . . . , An)  (M + m)
2
4Mm
G[n, t](A1, . . . , An). 
By using Theorem 7 and the weighted arithmetric-geometric mean inequality, we obtain a
weighted version of Kantorovich inequality of n-operators:
Theorem 10. For any positive integer n  2, let A1, A2, . . . , An be positive invertible opera-
tors on a Hilbert space H such that 0 < m  Ai  M for i = 1, 2, . . . , n and some scalars
0 < m < M. Then for 0 < t < 1
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(A1x, x)
t[n]1(A2x, x)t[n]2 . . . (Anx, x)t[n]n 
(M + m)2
4Mm
(G[n, t](A1, A2, . . . , An)x, x)
for all x ∈ H, where {t[n]i} is defined by (5) and (6).
Proof. For 0 < t < 1
(A1x, x)
t[n]1(A2x, x)t[n]2 · · · (Anx, x)t[n]n  t[n]1(A1x, x) + · · · + t[n]n(Anx, x)
= (A[n, t](A1, . . . , An)x, x)
 (M + m)
2
4Mm
(G[n, t](A1, A2, . . . , An)x, x)
for all x ∈ H . 
Remark 11. If we put t = 12 in Theorem 10, then t[n]i = 1n for all i = 1, . . . , n. Therefore, we
have an improvement of Theorem B due to Yamazaki for n  4.
4. Specht type inequality
We recall a 2-operators version of the Specht theorem (2): If A1 and A2 are positive invertible
operators such that 0 < m  A1, A2  M for some scalars 0 < m < M , then
(1 − t)A1 + tA2  S(h)A1tA2 for all t ∈ [0, 1],
where h = M
m
. Actually, the Specht ratio is the upper bound of the ratio of the arithmetic mean by
the geometric one for positive numbers. Recently, Kim and Lim [9] discuss an n-operators version
of the Specht theorem in terms of the Specht ratio: Let A1, A2, . . . , An be positive invertible
operators, 0 < t < 1 and ρ = max{t, 1 − t}. Then
A[n, t](A1, . . . , An)  S(h(n−1)!0 )
(
1
1−ρ
)n−2
G[n, t](A1, . . . , An), (13)
where h0 = exp and  = max{d(Ai, Aj ) : 1  i, j  n}. In this section, we show a slightly
improvement of (13). For this, we state the following lemma, cf. [5].
Lemma 12. Let A1, A2, . . . , An be positive invertible operators such that 0 < m  Ai  M
for some scalars 0 < m < M and i = 1, 2, . . . , n and α1, α2, . . . , αn positive numbers with∑n
i=1 αi = 1. Put h = Mm . Then
α1A1 + α2A2 + · · · + αnAn  S(h) exp(α1 log A1 + α2 log A2 + · · · + αn log An), (14)
where S(h) is the Specht ratio defined by (3).
Proof. PutA = diag(A1, . . . , An) and y = T
(√
α1x, . . . ,
√
αnx
)
for every unit vector x. By the
Specht theorem in [7, Theorem 2.49], we have
(Ay, y)  S(h) exp(logAy, y)
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since m  A  M . Therefore, it follows from Jensen’s inequality that
((α1A1 + · · · + αnAn)x, x) = (Ay, y)  S(h) exp(logAy, y)
= S(h) exp
(
n∑
i=1
αi log Aix, x
)
S(h)(exp(α1 log A1 + . . . + αn log An)x, x)
for every unit vector x ∈ H and hence we have
α1A1 + · · · + αnAn  S(h) exp(α1 log A1 + · · · + αn log An). 
By virtue of Lemma 12, we have the following theorem:
Theorem 13. For any positive integer n  3, let A1, . . . , An be positive invertible operators such
that 0 < m  Ai  M for i = 1, 2, . . . , n and some scalars 0 < m < M. Put h = Mm . Then for
0 < t < 1
A[n, t](A1, . . . , An)  S(h)2G[n, t](A1, . . . , An).
Proof. By Lemma 12, it follows that
A[n, t](A−11 , . . . , A−1n )  S(h) exp(A[n, t](log A−11 , . . . , log A−1n )).
Taking inverse, we have
H [n, t](A1, . . . , An)  S(h)−1 exp(A[n, t](log A1, . . . , log An))
and this implies
A[n, t](A1, . . . , An)  S(h) exp(A[n, t](log A1, . . . , log An))
S(h)2 H [n, t](A1, . . . , An).
Therefore, we have
A[n, t](A1, . . . , An)  S(h)2 H [n, t](A1, . . . , An)
S(h)2G[n, t](A1, . . . , An)
and we have this theorem. 
By using Theorem 13 and the weighted arithmetic–geometric mean inequality, we obtain
another n-operators version of Kantorovich inequality:
Theorem 14. For any positive integer n  3, let A1, . . . , An be positive invertible operators on
a Hilbert space H such that 0 < m  Ai  M for i = 1, . . . , n and some scalars 0 < m < M.
Put h = M
m
. Then
(A1x, x)
t[n]1(A2x, x)t[n]2 . . . (Anx, x)t[n]n  S(h)2(G[n, t](A1, . . . , An)x, x)
for all x ∈ H, where {t[n]i} is defined by (5) and (6).
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